For a connected graph G = (V, E), an edge set S ⊆ E is a k-restricted edge cut if G − S is disconnected and every component of G − S has at least k vertices. The k-restricted edge connectivity of G, denoted by λ k (G), is defined as the cardinality of a minimum
Let G be a λ k -connected graph and let S be a λ k -cut of G. By the minimality of S, the graph G − S consists of exactly two components, say G 1 and G 2 . Let X = V (G 1 ). Then X = V (G 2 ) and S = [X, X ]. Denote X 0 = {x ∈ X : |N (x) ∩ X | ≤ k − 1}, X 0 = {y ∈ X : |N (y) ∩ X | ≤ k − 1}. Without loss of generality, assume min{|N (x) ∩ X | : x ∈ X } ≥ min{|N (y) ∩ X | : y ∈ X }.
(1)
We will use such notation and this assumption in this section and next section. Since λ k (G) ≤ ξ k (G), we deduce that λ k (G) = ξ k (G) and hence G is λ k -optimal. The proof of (i) is complete.
(ii) can be easily seen from the proof of (i). Proof. Suppose, on the contrary, that there exists such a subgraph H . Since 
Proof. If there exists such a subgraph H , then, by the connectedness of G[X * ], there exists a connected subgraph
Combining Lemmas 2.1(i) and 2.2, we get the following corollary.
Lemma 2.3. Let X * be a subset of X such that |X * | ≥ k, X 0 ⊆ X * and G[X * ] is connected and let 
Then we have the following nine claims. Claim 1. x y ∈ E(G * ) for any x ∈ X 0 , y ∈ X 0 .
By contradiction. Suppose that there exist x ∈ X 0 and y ∈ X 0 such that x y ∈ E(G * ). 
2 and let U = {x 1 , . . . , x t } be a subset of X * such that U contains as many vertices in X 0 as possible. Clearly, X 0 ∩ U = ∅, and if
By Claim 2, we have k ≥ 2. If k = 2, then let H be the graph with vertex set {x 1 }. It is easy to see that 
The proof of Claim 3 is complete.
Denote |X 0 | = k − s. Then, by Claims 2 and 3, 1
Let y ∈ X be a vertex such that |N (y ) ∩ X | = min{|N (y) ∩ X | : y ∈ X }. Clearly, y ∈ X 0 . By Claim 1,
2, a contradiction to the initial assumption is obtained. The proof of Claim 6 is then complete.
Let
By Claim 1 and the definitions of X 0 and X 1 , for any
For any x ∈ X 2 , by definition, there exists a vertex y ∈ X 0 such that x y ∈ E(G * ). By Claim 1 and the choice of
follows from the definition of X 0 . We continue now with the proof of this lemma. By Claim 3, there exists a connected subgraph H of order at most
Combining this with Claims 5 and 7, we have
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This is contrary to the initial assumption. The proof is then complete.
3. Sufficient conditions for λ k -optimality or super-λ k property
We start with a simple result.
Proposition 3.1. Let k be a positive integer. If G is a complete graph with order at least 2k, then G is super-λ k .
Proof. It is easy to verify that G is λ k -connected and
Theorem 3.1. Let k be a positive integer and let G be a graph with order at least 2k. If
for all pairs u, v of nonadjacent vertices, then G is λ k -optimal.
Proof. If G contains no nonadjacent vertices, then G is a complete graph with order at least 2k. By Proposition 3.1, G is super-λ k and so G is λ k -optimal. Therefore, we only consider the case that there exist nonadjacent vertices in G below. By Proposition 2.1, G is λ k -connected and
Suppose that both X 0 = ∅ and X 0 = ∅. By Lemma 2.3 (regarding X as the X * in Lemma 2.3), there exists a connected subgraph
Recalling that λ 1 (G) = λ(G) and ξ 1 (G) = δ(G), Corollary 3.1 follows from Observation 2.1 and Theorem 3.1.
Recalling that λ (G) = λ 2 (G) and λ -optimality is λ 2 -optimality, we have the following corollary. 
for all pairs u, v of nonadjacent vertices, then G is λ -optimal.
Observation 3.1. Let G be a graph of order ν and let u, v ∈ V (G) be a pair of nonadjacent vertices. For any integer Next we introduce a class of graphs W ( p, k) that will show that Theorem 3.1 is an improvement of Corollary 3.3. The next example shows that Theorem 3.1 is best possible in the sense that the condition |N (u)∩ N (v)| ≥ 2k −2 for all pairs u, v of nonadjacent vertices does not imply λ k -optimality. Before giving the example, we introduce another class of graphs.
Given two integers p > k > 0, let H 1 and H 2 be two disjoint complete graphs with V (H 1 ) = {x 1 , . . . , x p } and V (H 2 ) = {y 1 , . . . , y p }, respectively. Let F k be the set of all k-regular bipartite graphs with bipartition (V (H 1 ), V (H 2 )), and let the graph class Fig. 2 .
] is a k-restricted edge cut and hence
Theorem 3.1 shows that the condition |N (u) ∩ N (v)| ≥ 2k − 1 for all pairs u, v of nonadjacent vertices guarantees the graph G is λ k -optimal, but even a stronger condition that |N (u) ∩ N (v)| ≥ 2k for all pairs u, v of nonadjacent vertices cannot guarantee G is super-λ k . We give such an example below.
, where p > k. By a similar method as in the above example, we have ξ k (G) = kp and |N (u) ∩ N (v)| = 2k for all pairs u, v of nonadjacent vertices. By Theorem 3.1, G is λ k -optimal and hence Since |X | ≥ k + 1 and |N (y) ∩ X | ≤ k − 1 for any y ∈ X 0 , there exist x * ∈ X and y * ∈ X 0 such that x * y * ∈ E(G). Combining this with the fact that x y ∈ E(G) for any x ∈ X 0 , y ∈ X 0 , we have x * ∈ X \ X 0 . Since
We will show that
is not connected and let u ∈ X 0 ⊆ X * . Then we may choose a vertex v ∈ X * such that u, v are in different components of
], which contradicts the choice of v. Therefore,
and X * = X − x * , we obtain a contradiction to Corollary 2.1. The proof of Claim 1 is complete.
By Claim 1, without loss of generality, we may assume that
For any x ∈ X − u, we may choose a vertex x ∈ X − u such that x, x are in different components of
Similar to Claim 2, we have:
Let u, v be two arbitrary vertices in X . First, we will show G[X ] − u is connected. For any 
(ii) There exists no subset U of X such that |U | = k and
Corollary 4.1. Let G be a graph of order ν ≥ 2k and let S = [X, X ] be a γ k -cut of G. If there exists a vertex x * in X such that |N (x * ) ∩ X | ≥ k + 1, then there exists no subset U of X − x * such that |U | = k and Theorem 4.1. Let k be a positive integer and let G be a graph with order at least 2k. If
for all pairs u, v of nonadjacent vertices, then G is γ k -optimal.
Proof. By Proposition 4.1, we only consider the case that G is not a complete graph. Let S = [X, X ] be an arbitrary
Suppose that both X 0 = ∅ and X 0 = ∅. Then, by Lemmas 4.1(i) and 4.2, G is γ k -optimal. The proof is complete. 
for every pair of nonadjacent vertices u and v in G. Then G is γ k -optimal. 
